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MULTISCALE DECOMPOSITIONS ON BOUNDED DOMAINS

A. COHEN, W. DAHMEN, AND R. DEVORE

ABSTRACT. A construction of multiscale decompositions relative to domains
Q C R% is given. Multiscale spaces are constructed on € which retain the
important features of univariate multiresolution analysis including local poly-
nomial reproduction and locally supported, stable bases.

1. INTRODUCTION

Multiscale methods have become an important and powerful tool in several areas
of mathematical analysis and applications. Since the introduction of wavelet bases,
the interest in these methods has grown in a large scientific community.

Recall that wavelet bases are usually constructed with the aid of multiresolution
analysis. In the univariate case, multiresolution for Ls(R) is given by an ascending
sequence

e CVoaa VooV CVaC - La(R)
of closed subspaces V; of La(R) that satisfy
Avi=1{h UVi=L(®)
JEL JEZ
where the closure is taken with respect to the Lo(R)-norm. Moreover, each V;
has the form V; = span{p; s : k € Z} where p;; = 27/2p(27 - —k) with ¢ a fixed

function from Lo(R).
The function ¢ is assumed to satisfy a refinement (or scaling) equation

(L1) (@) = V2 hyp(2 — k)

kEZ

which, in particular, guarantees the nestedness of the spaces V;. The generator ¢
can also be chosen to satisfy additional properties which are important in appli-
cations. For example, ¢ will have compact support if the scaling coefficients hy,
appearing in (I are finite in number. Also, Daubechies [Dail] has constructed
generators ¢ of compact support whose integer shifts o(- — k), k € Z, are orthonor-
mal.

In this paper, we shall enlarge our attention to the case of biorthogonal wavelets
as described in Cohen, Daubechies, and Feauveau |[CDE]. In this case, the refinable
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function ¢ has a dual function @, i.e.,

/ p(@)p(x — k) dx = oo, keZ,
R

which is also refinable. Examples of such dual pairs of refinable functions can be
found in [CDF].

Multiresolution analysis is used to construct a wavelet function  that en-
codes the details between any two successive levels of resolution in the sense that
{%jr + k € Z} spans a complementing space W; of V; in Vj1. The first construc-
tion of wavelets yielded functions ¢ (called orthonormal wavelets) whose shifts are
orthogonal. In this case, the family of functions {1, 1}, kez is an orthonormal basis
for La(R).

In our setting of biorthogonal wavelets, multiresolution gives a pair of functions
1) and 1[) which are in duality

/ P(a)b(@ — k) = do.
R

Then, {1; 1 };rez is a Riesz basis for Ly(R) and {1, 4};.rez is its dual basis. This
means that each function f € Lo(R) has a unique wavelet decomposition

(1.2) =3 anfsn aulh) = [ F@ilda) da

J,kEZL

with convergence in the sense of Ly(R), and the following stability estimates hold

(1.3) e ) len(NP <@ < 2 ) legw(f)I

with ¢; and co positive constants.
There are several important features that make wavelets particularly attractive
in both theory and practice. We mention some of these.

e The wavelet decomposition is local in both time and frequency. In particular,
if ¢ and 1 are compactly supported, the decomposition (L2) at a point x
only involves those functions whose support contains x.

e The wavelet decomposition of a sampled function can be efficiently computed
by the Fast Wavelet Transform when the generator ¢ and the wavelet 1) have
compact support.

e Various functions spaces can be characterized in terms of the wavelet coeffi-
cients. For example, the Besov spaces Bj(L,(R)) (including the generalized
Lipschitz classes B3 (Lo (R)) and the Sobolev classes B(L2(R))) are charac-
terized by weighted sequence norms of the coefficients ¢; x(f) in (L2). This
characterization holds for some range of the smoothness parameter s € R
depending on the regularity of ¢ and the largest IV for which all polynomials
of degree N are contained in Vj.

Multiresolution analysis and its advantages extend rather easily to the functions
defined on R, by means of tensor products preserving all the above mentioned
important features. However, in many applications, multiscale decompositions
of functions are required relative to some bounded domain ©Q C R This need
arises, for instance, when partitioning images as well as when employing multiscale
techniques for the solution of operator equations, or when characterizing Besov
spaces on bounded domains. It is clear that simply restricting scaling functions
and wavelets defined on all of R? to € would in general destroy orthogonality and
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stability. Moreover, straightforward reorthonormalization might be unstable and
destroy locality. The main purpose of the present paper is to develop a multireso-
lution analysis for domains €2 which preserves the important properties mentioned
above.

In order to motivate the multivariate constructions given later in this paper, it
is useful to recall the techniques that have been proposed to handle multiresolution
in the univariate case (see e.g. [CDV],[CQ]). The approach in [CQ] makes use of B-
spline techniques and therefore seems to be confined to piecewise polynomial scaling
functions. Moreover, it doesn’t seem to permit an extension to the multivariate case
except for rectangular domains whose boundaries coincide with grid lines.

The approach in [CDV] is similar to [CQ] in that one tries to preserve as many
features of multiresolution on R as possible. A ladder of spaces

Vi([0,1]) € W([0,1]) < -+ < Lo([0, 1))

is constructed for [0, 1] which on a large subset of [0, 1] agrees with a multiresolution
analysis for R generated by some scaling function ¢ as in (ILI)). Assuming that ¢
has compact support, each V;([0,1]) (for j sufficiently large) is spanned by the
functions

o(27-—k), 279keq)

for some set Q) € 2797 such that 277k € Q) implies supp(p(27 - —k)) C [0,1], and
by certain modified basis functions <pgm,<p}7n, n = 0,...,N, supported near the
end points of the interval. Here, N is again the degree of polynomials that should
be contained in V;([0,1]). Thus, V;([0,1]) is the restriction to [0,1] of a certain
subspace of the space V;(R) spanned by the (27 - —k), k € Z.

The basic idea from [CDV] for constructing the boundary functions 90;',7” 1=0,1,
n =0,...,N, can be described as follows. Suppose that ¢ has compact support.
Then there is an integer L such that

(1.4) supp(yp) € [—-L, L].

Our assumption on the refinability of ¢ imply that ¢(0) # 0. Suppose further
that ¢ satisfies Strang-Fix conditions of order N, i.e., the Fourier transform ¢ of ¢
satisfies

(1.5) oM =0, kez\{0}, n=0,...,N.

It is well-known (and firstly proved in [Sch]) that (L) implies the existence of
polynomials p,, such that, if we set py = pn(k), we have

(1.6) x”:anJgga(n—k‘), n=20,...,N.
keZ

It follows that the monomial 2™ is locally in V{) and the coefficients p,, i, are therefore
given by

Dnk = / 2" g(x — k) dx.
R
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Then, we can define for n =0,..., N, pil w = 279", i, and for all z € [0, 1],

400 L—-1
(@) =a" = > ple@e—k) =277 3" pl o,
k=L k=—L+1
(1.7) .
27 L 274+ L—1
eia@)=a"— > plie@z—k)y=2772 " pl o
k=—o00 k=2i —L+1

We generate the space V;([0,1]) by the interior functions ¢; %, k = L,...,27 — L,
and the boundary functions @é’k, i=0,1,k=0,...,N.

The following facts are then easily verified.

(i) diam(supp(gj,,)) ~ diam(supp(p;r)) ~ 277

(i) IIn([0,1]) € V;(]0,1]) for j € N, where IIx([0,1]) denotes the space of all
polynomials on [0, 1] of degree at most N.
(i) V;([0,1]) € V;j4+1(]0,1]) for j € N.
Here, the support of these functions is taken on [0, 1]. Property (iii) is a consequence
of (L7) and the fact that the interior functions ¢;, i = L,...,27 — L, are refinable
by (L.I).

The purpose of the present paper is to develop a similar strategy for constructing
multiresolution spaces V;({2) relative to a given bounded domain  C R?. We shall
also study the corresponding multiscale decompositions of various function spaces
defined on Q. Our goal is to not have our construction restricted to rectangular
domains (or unions of these) but to apply to general domains Q whose boundary
0N has sufficient regularity.

It is easy to see that the ideas described above for the univariate case will not
carry over to the multivariate case in a straightforward manner. For example,
suppose that ¢ € La(R?) is a refinable function of compact support and that the
multivariate polynomials #° admit an expansion

a— Z Pl ®(2x — k).
kezd
In analogy to the univariate case, we may define a space V;(£2) as the span of
functions ¢(2’ - —k) whose support is strictly contained in €2, together with the
functions

P — Z Ph 027z — k)
ke,
where €2, consists of such k € Z? such that supp(¢(277 - —k)) C 2. However, these
latter functions will be localized only in directions pointing into the domain but
not in directions tangential to the boundary. To obtain a ladder of spaces V;(12),
7 =0,1,..., whose spanning functions are completely localized and to retain the
other desired properties of multiresolution will take much more sophisticated con-
siderations. The main difficulty to be overcome is how to construct suitable linear

combinations of the ¢(27 - —k) near the boundary so that the following properties
hold:

(I) The functions spanning V;(£2) all have compact support and their diameters
are of the order 277;

(IT) The functions spanning V;(£2) are refinable, i.e., they can be expressed in
terms of the functions spanning Vj11(Q);
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(IIT) The resulting linear span V;({2) contains all the polynomials up to a certain
degree.

In §2] we formulate conditions on a domain  which allow the construction
of a ladder of spaces V;(2), 7 > 0, whose spanning functions satisfy properties
(I)~(IIT). Our conditions are stated in terms of the existence of partitions of the
lattice points 277Z¢ relative to . In 8 we show how to construct spaces Vi(Q),
j = 0,1,..., satisfying (I)~(III) given that the conditions of §2l are valid for .
g4l is concerned with corresponding multiscale decompositions of function spaces.
Specifically we establish frame bounds, provide characterizations of Besov spaces on
2, and establish some of the elements of Littlewood-Paley theory for our multiscale
decompositions.

For many specific domains it is relatively easy to verify that they satisfy the
conditions of §2land therefore permit multiresolution and all the ensuant properties
of §§3 [. Tt is also possible, but substantially more difficult, to show that general
classes of domains satisfy the conditions of §21 In §5] we verify this for domains
Q) C R? whose boundary has certain piecewise Lipschitz smoothness.

One of the major interest of our approach is to provide simple algorithms for
multiscale decomposition adapted to bounded domains. We have chosen to describe
these algorithms and concrete examples in a separate work. The main goal of the
present paper is to provide the theoretical setting of the underlying multiresolution
analysis and study its properties with respect to function spaces.

2. A GENERAL FORMAT FOR THE CONSTRUCTION OF BOUNDARY FILETS

We give in this section, sufficient conditions on a domain €2 and a multivariate
scaling function ¢ in order that a multiresolution on €2 can be constructed. The
conditions we impose on {2 are in the form of the existence of partitions of certain
sets ; C 27974, j > 0, associated to Q and ¢. In §5] we show (in the case of two
space dimensions) how to verify these assumptions for a general class of domains.

Multiresolution is well understood when the underlying domain is R?. Since
this is also our starting point for the construction of multiresolution on domains 2,
we shall briefly review this construction. For more details the reader can consult
IBDR|, Dau2| JM, [Me].

Let ¢ € L?(R?) be a function which satisfies the refinement equation

(2.1) dlx) =22 " app(2z — k).
kezd

In the following we will have to make use of several coordinate properties of ¢.
Therefore we shall restrict ourselves to the case that ¢ is the tensor product of a
univariate scaling function ¢:

(2:2) P(z1,..., xa) == p(z1) - p(Ta).
Concerning the univariate scaling function ¢, we shall assume that ¢ satisfies
the following properties:

(P1) supp(p) C [N1, Ng] for some N1, No € Z and ¢ is not identically zero on [0, 1].
(P2) ¢ satisfies ([LTl) with hy = 0 if &k < Ny or k > N2 and hy, hn, # 0.
(P3) There exists a compactly supported function ¢ € L?(R) which is also refinable

$x) = V2 h(k)p(2x — k),

kEZ
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and satisfies the biorthogonality relation
(2.3) / o(x)p(x — k) dz = b 0, ke Z.
R

(P4) ¢ satisfies the Strang-Fix conditions (LA) of order N. This means that each
univariate polynomial P of degree at most N can be represented as a linear
combination of the shifts ¢(-—k), k € Z. More precisely, when ¢ is normalized
by [z e(x)dr = 1, one has (cf. [CDM]) that for every polynomial P in IL,,
n <N,

(2.4) P(z) =Y P(k)p(x — k) € ;.
kEZ

The assumptions (P1-4) are the usual starting point for the construction of uni-
variate biorthogonal wavelets [CDF]. In particular, under these assumptions there
exist biorthogonal wavelets

(25)  W(@) =) (1)"hnpr—n), D) =Y (~=1)"h1-np(2z — n),
neZ nez
which satisfy

/ (@) — k) di = / S — k) de =0, kel
R R
and

/R $@)D(e - k) de = og, k€L

Since these functions all have compact support, there is an integer L such that

(2.6) supp(y), supp($), supp (), supp(y)) € [~ L, L].

Remark 2.1. If ¢, ¢ are refinable dual generators (as described in (P3)) with com-
pact support, then their masks have finite support so that the conditions on the
coefficients hy in (P2) are automatically satisfied. Indeed, from (2.3)), it follows
that only finitely many of the coefficients hy are different from zero. The assertion
then follows by comparing supports on both sides of (). [l

Remark 2.2. Tt is easy to see that (233) implies stability of the shifts (- —k), k € Z
(and likewise of the @(- — k)), by which we mean that there exist positive constants
c1, co such that

1/2
(2.7) a1 <Z |/\k|2> <

kEZ

> ik

kEZ

1/2
S C2 <Z |)\k|2> )
L2(R)

kEZ

holds for all sequences {\ }kez in [?(Z). Note that these constants are independent
of the scale parameter j.

The tensor product ¢ of ([2:2) satisfies the two-scale relation (2.1)), with coeffi-
cients ay = hy, - hiy, k= (k1,. .., kq) € Z9. Likewise, for ¢(z) := @(x1) - - - @(zq),
the (multi-) integer shifts ¢(- — k), k € Z?, are biorthogonal to ¢ in the sense of
(23). Consequently, the shifts ¢(- — k‘),i)( — k), k € Z%, are again stable with
respect to the obvious analogous notion of stability on Z<.

We shall use the standard multi-index notation z® := 27" ---23* and the no-
tation @« < N to mean a; < N, i = 1,...,d. We denote by Il the space of all



MULTISCALE DECOMPOSITIONS 3657

polynomials P(x) = Y .,y Cax® of coordinate degree N. It follows from (P4),
that for each P € Iy, there exists a unique polynomial @) of lower total degree
such that

(2.8) P(z) =Y P(k)p(z — k) + Q(x).
kezd
The spaces

V; = span{¢(27 - —k) : k € Z4}

form a multiresolution analysis for Ly(R?) and contain Iy with N as in (P4).
Given a domain Q C R¢, we would like to construct suitable subspaces of V;
whose restrictions V;(2) to Q form a multiresolution of L?(Q):

Vo(€2) € Vi(Q) € -+ C Lao(9), GVJ’(Q)ZLz(Q),
=0

and contain the space IIy () of all polynomials of coordinate degree N on Q.

In order to motivate the construction of the spaces V;(£2) that follows, it will be
useful to consider the following simple but instructive example with Q = [0, 1] x
[0,1] C R2. In this case, the multiresolution spaces can be simply constructed as
tensor products

Vi (€) = V;([0,1]) @ V;([0,1]),

where the V;([0,1]) are the spaces for [0,1] as described in the introduction. The
generators of V;(2) are of the following three types:

a) The tensor product of two interior scaling functions, i.e., functions whose
supports are fully contained in [0, 1], for instance,

21027z — k)p(27y — m), L<km<?2 —L.

b) The tensor product of an interior scaling function and a boundary scaling
function, such as
L-1
Wl a@ein(y) =20 Y Pa(m)p(2z — m)p(2y — k)
S n(@)0jn(y w(m)e(2lz —m)e(2'y — k),
m=—L+1
for L<k<2 —L,0<n<N.
¢) The tensor product of two boundary scaling functions, e.g., for 0 < nj,ng
<N,

O (@), (W) =27 Y Py (k) Pay(m)e(2z — k)p(27y —m).
—L+1<k,m<L

Note that these three types of functions can be distinguished by the dimension of the
sets of lattice points involved in their defining linear combinations. In a) no linear
combination is taken. Each basis function is associated with a single lattice point,
a zero-dimensional set. In b) only linear combinations with respect to finitely many
lattice points in one coordinate direction are involved which corresponds to a one-
dimensional set of lattice points. The last group c¢) corresponds to two-dimensional
sets of lattice points.

This is illustrated in Figure[ll where functions of type a) are represented by single
lattice points, those of type b) by horizontal or vertical “towers” of lattice points,
and those of type ¢) by rectangular arrays of lattice points in the “corners”. Note
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FIGURE 1. Supports of scaling functions of different types

also that further distinctions can be made in terms of orientation. For instance,
vertical towers can be oriented upward or downward.

Our strategy for constructing V;(€2) for more general domains  will be similar
to the case [0,1] x [0,1] just discussed. The space V;(€) will be spanned by a
collection of basis functions. Each basis function is associated to a set, which we
call a cell, of lattice points from 277Z%. A cell will have a spatial dimension which
will be given by a set I C {1,...,d} and a direction which will be given by a vector
(0:)ier € {—1,1}I. Each dyadic level j will have a collection of cells C; and a set
of basis functions for V;(£2). The existence of a multiresolution V;(£2) for Q with
the properties we desire will rest upon properties of the collections C;. In what
remains of this section, we shall formulate sufficient conditions on the collections
C; to guarantee the existence of a multiresolution for € with the desired properties.
Later (in §5)), we shall give classes of domains in R? which satisfy these conditions.

Let Q c R? be a bounded open domain which will be fixed in this and the next
section. For each j =0,1,..., we let

Q= {279k : ke 24, QN 27 (k+ [-L, L)) # @}

denote the set of lattice points for which the support of ¢(27 - —k) may intersect 2.
Furthermore, for each j = 0,1,... we let C; be a collection of subsets (cells) C' of
(2; that form a partition of €, i.e., the sets C' in C; are pairwise disjoint and their
union is ;. We shall assume that C;, j = 0,1,..., satisfies certain properties (that
we now describe) and show in the next section that these properties guarantee the
existence of a multiresolution on 2.
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We assume that C; can be partitioned into subcollections C;(I,0) for I C
{]., .. ,d} and 0 = (Ui)ie] - {—1, 1}‘1‘2

(2.9) Cj = UCj(I,O’),
I,0
where
(2.10) Ci(I,o)NCi(I',0") =@ for (I,0) # (I',0").

The remainder of this section will describe the further conditions we shall impose
on these subcollections.
We assume that each cell C' € C;(I,0) is of the form

(2.11) C =K+ D(r),
with k € §; a lattice point called the representer of C' and
D(r) C span{e; :i € I} 279724,

with e;, i = 1,...,d, the coordinate vectors in RY. We require that dist(x,0Q) <
c277, where ¢ does not depend on j, whenever I # & and that 0 € D(x). The role
of ¢ in defining this collection will be explained subsequently.

In order to describe the other properties that we shall require of the cells C, we
introduce the following notation. For any set £ C R, we define by E! the following
subset of R%:

El = {Zx\iei N EEi€ 1}.
iel
For a set A C 2777 of lattice points and for I C {1,...,d}, we define the spread
of A in the direction of I by
[A4,1] = (J{a+277[-L, L]},
acA

and the spread of A
[A] :=[A{1,...,d}].

If we need to indicate the dependence of the spread on level 7 we will do this with
[A];. However, we will simply write [C] for [C];, if we first specify that the cell C
is chosen in Cj.

With a given sequence o € {—1,1}! we associate the transformation T, on R¢,
defined by

d
Tg <Z )\iel) = ZUZ)\Z‘Q‘.
i=1 iel
Now for any cell C' and its representer x, we let
(2.12) G(O) ={k+29T,a: a € Z¢, a < N}.

Thus, G(C) is a set of lattice points adjacent to  in the direction defined by I and
o. We shall assume that the cells C satisfy the following properties:
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(C1) To insure that the representer x of a cell C' is located well inside the domain
Q (which, in particular, will facilitate a simple construction of a dual system), we
require that for each C € C;,

(2.13) G(C) c C and [G(C)] C Q.
(C2) This condition will ensure nestedness of the span of the dual system. Defining
(2.14) Gi=|JGe), j=01,...,

CECj

we require that whenever u € 277717 satisfies
{utlitr €[G5,
then
(2.15) e Gigr.
The next two conditions will ensure the nestedness of the multiresolution approxi-
mation spaces.
(C3)If C €Cj(I,0) and C" € Cj41(I',0") satisty
[CINC" # 2,

then
(2.16) I'cl.
(C4)If C €Cj(I,0) and C’" € C;(I',0’) are two cells from C; with C # C” and

[C. I n[C" 1] # @,
then
(2.17) I'ci, I' 41

(C5) Finally, it will be important to ensure that all the basis functions have small
support. There exists a constant M such that

(2.18) diam[C] < M277,  C€C;.

3. MULTIRESOLUTION ON {2

We assume in this section that €2 is a bounded open set in R? and ¢ is a refinable
function given by the tensor product (ZZ) of a univariate refinable function . We
assume that ¢ and its dual function ¢ satisfy properties (P1)-(P4). We assume
further that for each j > 0, C; is a collection of cells which satisfy properties (C1)-
(C5). We shall construct in this section a latter of spaces V;(2), 7 > 0, which
satisfy the properties of multiresolution on €.

We begin by introducing notation that will be convenient for describing the basis
for V;(2) and establishing properties of these spaces. Let £; := 279Z% be the set
of lattice points at level j. If v = 277k is a lattice point in £;, we let

by = 22¢(27 - —k)

be the Lo-normalized, shifted-dilate of ¢ corresponding to this lattice point. We
need to point out that there could be some ambiguity in the above notation ¢,
since a given lattice point v may be in more than one of the sets £;. However,
rather than revert to a more cumbersome notation such as ¢ ;, we shall simply
distinguish between these basis functions by the indication v € £; which will serve
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to indicate the dyadic level. Recall that the functions ¢, v € £;, form a stable
basis for V;(R?) and that all polynomials of coordinate degree N are in V;(R%).
In the following, the functions ¢, will always be viewed as being restricted to §2,
unless otherwise stated, and we shall only make use of the ¢, for v € ;.
We take an arbitrary but fixed collection Py, ..., Py of univariate polynomials
with Py of exact degree k. We define the multivariate polynomials
Py(z1,...,2q) = Py (1) - Pa,(x4q),

for each a € A with A := {a € Z{ : & < N}. Then, it follows from property (P4)
that for each fixed j € N, the polynomials

(3.1) Ro () == Z Po(7)#4(2), a €A,
YEL;

form a basis for IIx. In fact, from (P4), it follows that R, j(z) has leading term
cx® with ¢ # 0.

IfCeCj,say C €Ci(I,0), welet A(C) be the set of all & € A for which a; = 0,
je{l,...,d}\ I. With this, we define for each o € A(C),

(3.2) dca(z) = Pol z €.
e

Each of these functions is a finite linear combination of the ¢,. We define
(3.3) Vi(Q) :=span{¢co : a € A(C),C € C;}.

The following sections derive the properties of the spaces V;(12), j > 0.

1. Reproduction of polynomials on (.
Proposition 3.1. IIx(Q2) C V;(Q), for all j > 0.
Proof. We fix j € N. Since the cells C are a partition of €;, for each oo € A, we

have from (31J),
) = Z Po(v)¢y(x) = Z ZPa(’Y)¢'y(x)a z €.
"/EQJ CECj yel

For a fixed o and C, we can factor P, = Py Por with o) 1= aj, j € I and o, := 0,
otherwise, and o’ := a — o’. Then, the polynomial P, is constant on C' and so

Z Pa(v)dy(x) = c Z Por (7)py
yeC yeC

Since o' is in A(C') the last sum is in V;(Q). It follows that each of the polynomials
Ro.j(z), @ € A, are in V;(). Since these polynomials form a basis for Iy we have
proved the proposition. O

3.2. Nestedness. In this section, we shall show that V;(Q) C V;41(Q), j > 0. We
begin by discussing how to write a function from V;(R?) as a linear combination of
the functions ¢, v € Ly.

From the refinement equation (21I), we find that

Zcucﬁx—y ZCVZakZd/Q (2x — 2v — k)

veLy veLy keLlo
= E < E c ak> 2d/2 E QSA,
leLy \2v+k=l yELy
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with
/
= Z A2y—20Cy,s v E L.
veLoy

We recall that for v = (v1,...,v4) € Lo, ay, = 2(1/2hu1 -+~ hy,, with hy the
univariate scaling coefficients given in (LIJ).

By dilation, we obtain
D b=, e

veL; YEL 41
with
/o
Cy = E A2i+1y—2i+1,Cu, b AS ‘Cj-‘rl'
VEﬁj

To show that V;(Q) C Vj4+1(9), it is enough to show that for each cell C' € C;,
say C € C;(I,0), and each a € A(C), we have ¢¢ o € V;11(2). To this end, we let
xc¢ denote the characteristic function of C'. Then,

$Ca = Z Po(V)xc(v)d, = Z Pé(’}/)(ﬁ’)'

veL; YELj+1
with
(3.4) Pl = Yty s Pa)xe (), 7 € Ly,
VEﬁj

Let C’ € Cj4+1(J,0’") be any cell in Cj11. In computing the numbers P, (vy) for
v € C’, the sum in (3.4) can be restricted to those v € £; for which [{v}|NC" # &
since for other values of v the connection coefficient ag;+1.,_g;+1, = 0 (see properties
(P1) and (P2) of §2)). Here we are using our notation [S] = [S]; for the spread of a
set S C L; with respect to the level j. We let 3(C”) be the set of all v € £; such
that [{v}]NC" # @. We note that by the definition of the sets 2; and Q;41, we
have £(C’) C Q;.

To formulate the next proposition, we shall also make use the following notation.
Foraset K = {ki,...,kn} C{1,...,d} with k; < ko < ---k,,, and a point x € R¢,
we let xx = (Tk,,...,2,, ). Thus, zx is a point in R™ whose coordinates are
those of x corresponding to the indices in K. For a set J C {1,...,d}, we let
Jo={1,...,d}\ J.

Proposition 3.2. For each cell C' € Cj41(J,0") and each cell C € C;(1,0) there
exists a set B C RY such that

(3.5) xc(v) =x8V7), v e x(d.

Proof. We define B := {v; : v € ¥}, with ¥ := X(C"). To prove that (ZH) holds
with this choice of B, it is enough tho show that whenever v,v 4+ 277¢; € ¥ with
k € J, then xc(v) = xc(v + 27 7e). Suppose then, that we have such a v and
suppose by way of a contradiction that v € C N but v +27Je;, € C' N X for some
k € J and some cell C € Cj(f, &) with C # C. (A similar argument applies when
v+27¢, € CNY and v € CNY.) Since v € %, it follows that [{v}] N C’ # @.
Hence, [C] N C" # @. From (C3), it follows that J C I. Similarly J C I. On the
other hand, since k € J, it follows that [C,J] N C # @. Hence, [C,I]N[C,I] # @
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and by (C4), I C I and I # I. The same reasoning shows that [C, 1] N [C,I] # @
and therefore I C I,I # I. This is a contradiction and proves the Proposition. O

We can now provide the main result of this section.
Theorem 3.1. Let V;(Q) be defined by (33). Then V;(Q) C V;41(2), j € N.

Proof. Let C € C; and a € A(C). It is enough to show that ¢¢ o is in V41 (2). We
have

boa@)= 3 Pen@ = S Y Bies(n),  weq,
YEQ 11 C'eCjy1 veC
with P! given by ([B4). It is therefore sufficient to show that
Z P(7)$y
yeC”’
is in V;41(2) for each C" € Cj11. Let C" € Cj11(J, o).
According to Proposition B2, we have for v € C’,
D gy, Pa(W)xB(vy) = Y aziery—aie, Pa()xs(vy),
vex(C’) veL;
where the last equality uses the fact that the connection coefficients ag;j+1,_oi+1, are
zero when v ¢ X(C'). We can write Po(7) = Pa,s(27)F, 7(z7) with the notation

[e%

Py x(xk) = Hier P, (xr) for any set K C {1,...,d}. Similarly, we can factor

ay, = aiJ aJ,h with a,{(K := 2UKI/ 2T g h,, . Using this in our last expression for P,
we find
(3.6) Pé('Y) = Z aimﬁ_gmupa 7(1) Z agJJrl,yJ_QJJerJPa,J(VJ);

neB vy=p

where we have used the fact that v is constant for v € C”.
We know from (B-1)) that

> Pas(ws)(@s) = Ra,  (xs).
l/7=/J/
We remark that
R(’YJ Z a/2J+1'YJ 2J+1VJPoz J(VJ)
vVy=u
are simply the coeflicients of the polynomial R, ; when this polynomial is written

as a linear combination of the ¢,,, with the v lattice points at level j + 1. It
follows that R is a polynomial of coordinate degree N. On the other hand,

-—_— 7 T
A= Z a2j+177_2j+1,¢Pa,J('u’)
HEB

is a constant because 7 is constant for v € C’. Using these two pieces of informa-
tion in (B:6]), we find that

P/(v) = AR(ys), ~e€C

Since R can be expressed as a linear combination of the polynomials Pg with 3 €

A(C),
Z Poz(/\)¢’)’

yeC’
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is a linear combination of the functions ¢¢r g, 6 € A(C”). Since all of these functions
are by definition in V;;(12), we have proven the theorem. O

3.3. A new basis and a dual system. The basis functions defined in (B.2)
were very convenient for proving the reproduction of polynomials in Proposition
and the nestedness of the spaces V;(£2). However, they are not so suitable for
other purposes such as the construction of a simple dual system allowing to define
uniformly bounded projectors onto the spaces V;(€2). Therefore, we shall now
introduce another basis for V;(€2) which we shall use throughout the remainder of
the paper.

For an arbitrary but fixed cell C' € C;, say C' € C;(I, o), the basis functions ¢¢,q,
o € A(C), span a subspace Ve of V;() of dimension (N + 1)/, Let Ty (I) denote
the space of all polynomials P(z;) of coordinate degree N. The polynomials P,,
a € A(C), form a basis for IIx (7). Therefore, Vi is precisely the set of functions

> P(r)¢y,  Pely().

yeC

We obtain other basis for Vo by replacing the polynomials P,, o € A(C), in the
definition of the ¢¢ q, by another basis for Iy (). We next describe the basis we
shall utilize for the remainder of this paper.

We recall the sets G(C) of (ZI2) which consists of a square array of (N + 1)!I
lattice points from C. We let P,, v € G(C), denote the Lagrange polynomials in
IIn (1), which are defined by the interpolation conditions

P,(y) = 6u~, v, v € G(C).

Clearly, the polynomials P,, v € G(C), form another basis for IIy (7). Hence, the
functions

(3.7) ®,:=> P,(¢y, veGC)
veC

are another basis for V. We take as our new basis for V;(€2), the set of all functions
(3.8) o, v e Gj,

where as before G := Jcee, G(C).

As for the ¢,, there could be some ambiguity in the above notation @, since
a given lattice point ¥ may be in more than one of the sets G;. Again, we shall
simply distinguish between these basis functions by the indication v € G; which
will serve to indicate the dyadic level.

We next define a dual basis for the ®,. Let ¢ be the univariate function given
in (P3) which is dual to ¢ and let

$(w1, .., wa) == @(x1) - B(a)
be the tensor product of these functions. As with ¢, we define the functions
Oy (z) =222 (@ - ), v EL;

The functions ¢, v € £;, and QEA,, v € L;, are in duality

(3.9) (s yr) / b~ (z z)dx = 0y s 7,7 € L;.
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With this notation, we simply define the dual functions by
(3.10) d,:=¢,, veGO).
Because of (C1), each of the functions &)v is supported in €.

The same remarks we have made earlier concerning the possible ambiguity in
the notation ®, applies equally well here for the dual functions.

Proposition 3.3. The functions &L,, v € Gj, constitute a dual system to @,
v € Gj, in the sense that

B1) (@ Be [ 0@ @d=5  77 €G

Proof. If v € G(C) and v € G(C") with C # C’, then (3I1) follows from (B3)
and the fact that G(C) and G(C’) are disjoint. If v,+’ are both in the same G(C),
then the inner product in (B.11) equals Py (y') = 0, 4. O

Let ‘7](9) be the linear span of the dual functions &L,, v € Gj.
Proposition 3.4. The spaces ‘7](9) are nested
(3.12) V(@) CVi(Q),  j=0.

Proof. Tn view of (3I0) it is enough to show that each function ¢, v € Gj, is in
the space V;+1(Q). We can use the refinement equation of (P3) to rewrite ¢, in
terms of ¢, v € LIJH The only ¢, which appear with a nonzero coefficient in this

decomposition of ¢, are those for which $[{v}] C [{v}] with [] := []; the spread
as defined in §21 From property (C2), it follows that v € G;+1. Hence, each of the
¢, are in Vj;1(9Q), as desired. O

3.4. Stability of the basis. In this section, we shall show that the basis ®.,
v € Gy, for V;(Q) is L,-stable. We assume that the univariate functions ¢ and ¢
are in Lo (R?).

Consider any basis function ®,, v € G(C), for V;(Q). We have

¢y = Z Py(v)¢
veC

with P, the Lagrange interpolating polynomial of 831 Now, |P,(v)| < cforv € C,
with ¢ a constant depending only on L and d. From this, we obtain

(3.13) 19112, 0) < 19511, ey < 2740/27HP)

with the constant ¢ depending only on ¢,d and p if p is close to 0. The same
conclusion holds trivially for the dual basis ®,, v € Gj.

Theorem 3.2. For each 1 < p < oo, the bases {®, : v € G;} are uniformly Ly-
stable; i.e., there exist positive constants c1,co, depending at most on ¢,d, and the
closeness of p to zero, such that for all j > 0 and all {\,},cq;, we have

(3.14)

202U () yeas < | D A2y < 22PN ey iy -

€G;
K Lp()
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Similarly, the dual basis &L,, v € Gy, is also Ly-stable and (BI4) holds with the O,
replaced by the ®..

Proof. We shall prove the theorem for the basis ®., v € G;; the same proof applies
for the dual basis. We shall also assume that p < oco; a similar proof applies when
p =o00. Let f = Zvecj Ay®,. From our assumptions on the support of ¢ and
property (C5), it follows that for each = € Q, at most ¢ terms in the sum for f are
nonzero with ¢ here and later in this proof depending only on ¢, d, and the closeness
of p to zero. Therefore,

[F@)P < > P10y ()P
v€G;

Integrating this last inequality over Q and using (313), we arrive at the right
inequality in (B14).

For the lower inequality in (3:14)), we use the fact that A, = (f, 57) Hence, with
Sy the support of &)7, we have with 1/p+1/¢ =1,

p/q
|)W|p < c/ |fIP / |§)7|q < C2]’61(1/2*1/11)13/ Fi@
S, S, S,

A point x € € can appear in at most c of the sets S,. Hence we can add our
last inequalities over v € G; and arrive at the lower inequality in (3:14)). O

3.5. Projectors onto V;(Q2) and ‘73(9) We can use the bases @, v € G;, and
&)7, v € Gj, to define projectors onto the spaces V;(Q2) and ‘7](9) In this section,
we shall assume, as earlier, that ¢ and qg are in Ly(R?). We shall also utilize the
same notation as in the previous subsection.

For each j =0,1,... and each f € L1(Q2), we define

(3.15) Qif =Y (f,®,)ad,
YeG;

and

(3.16) Qif = Y (f,0,)ad,.
vEG;

These two operators are adjoints of one another.

Theorem 3.3. For each 1 < p < oo, the operators @Q; and @j are uniformly
bounded projectors from L,(€Q) onto V;(Q), respectively V;(€2), j > 0.

Proof. We shall prove the theorem for the operators @;, j > 0; the same proof
applies for the adjoints @);. We shall also assume that p < oo; a similar proof

applies when p = oco. The same argument as given in the proof of the lower
inequality in (3I4)) of Theorem B2 shows that

(.8 )al el <c [ 1o
S’Y
where c is a constant independent of f and j. Hence, from Theorem B2 we have

1QiFIE < e D 1 @ )all@slh <e D /S [F1P < el fII5

Y€G; vE€G;
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because each x € ® appears in at most ¢ of the sets S, (up to a modification of ¢
that does not depend on j and f). [l

Let us point out another important fact about the operators ¢); and @j.
Corollary 3.1. For each j, j' =0,1,... with j' < j, we have
(3.17) QyQ; =Qy.
The same result holds for the adjoint projectors @j.
Proof. For any g € ‘Z(Q), we have (from the definition of @);) that
(f =Qjf.9)a=0.

Since Vj/ (€2) C V;(£2), we can take g = @, v € G/. This shows that Q; (f—Q; f) =
0 and proves BI7). O

Further properties of the projectors @; and @j will be given in the following
section.

4. APPROXIMATION PROPERTIES AND FUNCTION SPACES

Many applications of multiresolution rely on the approximation properties of
the spaces V; and the characterization of various function spaces in terms of these
approximation properties. Results of this type are well-known in the Euclidean
case [Me]. The purpose of the present section will be to generalize them to our
bounded domain setting. Throughout this section, we shall assume that ¢ and ¢
are in Lo (RY).

4.1. Approximation properties and Besov spaces. We shall first discuss the
approximation properties of the spaces V;(£2) and in turn obtain characterizations
of the Besov spaces. Let N be the integer of the previous sections which indicate
the polynomials contained in V;(€2). We shall assume throughout this subsection
that ¢ is in C"(R%), and that r < N + 1 with N the constant of §§2, B] which
indicate the degrees of polynomials contained in V;(2).

There is a well established vehicle for proving results of the type we want. It con-
sists of establishing two inequalities known as Jackson and Bernstein inequalities.
The role of these inequalities in obtaining approximation properties and character-
izing spaces is well understood. We refer the reader, for example, to the book [DL,
or to the papers [DS] and [DK] which treat approximation on domains as in this
section.

We assume that  C R is a bounded, simply connected domain (i.e. an open
set) satisfying the uniform cone condition (see e.g. [A] or [M]). The uniform cone
condition means that there is an open cone K with vertex at the origin such that
for each point x on the boundary of  a suitable translate and rotation K’ of K
has vertex x and K' N B(z,r) C Q for some ball B(x,r) centered at x with radius
r independent of x.

We recall the definition of the Sobolev space W7 (L,(Q2)), r=1,2,..., 1 <p <
0o, which consists of all functions f € L,(2) whose weak derivatives of order r are
in L,(Q). We equip W7"(L,(92)) with the usual semi-norm

|f|W7'(L,,(Q)) = ﬁl\i}f« HDVf”Lp(Q)
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and the norm

I fllwrz, @) = 1fllz,@ + [flwrz,@)-

Let V;(€2), j > 0, be the family of multiresolution spaces as constructed in §8]
We recall the integer NV of that section which describes the polynomials contained
in V;(9). For a function f € L,(£), let

Ei(f)p = gei‘g}{m If =gl @, 320,

be the error in approximating f by the elements of V;(2).

Theorem 4.1. Let r < N where N is the degree of polynomial reproduction of the
spaces V;(Q). For each f € Wy, 1 <p < oo, we have the Jackson inequality

(4.1) Ei(f) < If = Qifll,@ < 27| flwy o).

If ¢ € C™(RY), then for each g € V;(Q), j > 0, and each 1 < p < oo, we have the
Bernstein inequality

(4.2) 9wy < 2 llglz,0)-
The constants ¢ depend only on ¢.

Proof. The first inequality in (4] is obvious. We shall not prove the second in-
equality in detail since there are many proofs in the literature which are essentially
the same. We mention only the main ingredients of the proof which are: (i) the
operators ; are bounded projectors onto V;(€2), (ii) polynomials of degree N are
locally contained in V;(), (iii) for each ball B of radius R contained in €, there is
a polynomial Pr of degree N such that

If = Prlle () < R f|wr(Br)-

Properties (i) and (ii) were shown in §3 and property (iii) is a well-known fact on
multivariate polynomial approximation (see e.g. [DS]). The proof of (&I) from
these three facts is quite straightforward. The reader may consult [DI] (Chapter
5) where the result is proved for quasi-interpolant spline operators, or [[L.IP] where
a similar multivariate result is proved.

To prove the Bernstein inequality, let |v| = r. If C € C;, and v € G(CO),
then &, = Zuec P, (p)¢, with P, the Lagrange polynomial of §331 Note that
|Py(p)] < ¢, p € C, with ¢ an absolute constant. Since

D" bl (ray = 2772790/271P)| DY || gy < 277 2040/271/P),
we have
|D"® ||, (0 < 267m274(/271/P) lv| =r,y€Gy.

Let g = Zvecj by®, be an arbitrary element of V;(2). For any point z € Q, at
most ¢ of the function D¥®.,, v € G}, are nonzero at x. Hence,

9l ) < 72942 (b))e6, 1, < 27 M|g]l L@
where the last inequality uses the stability of the basis ®., v € G; (see 314)). O

From the Jackson and Bernstein estimates we obtain the following characteri-
zation of the Besov spaces By (L,(Q2)) (for a definition of Besov spaces and their
properties see e.g. [DP] or [DS]). For the purposes of the following theorem, we
define Q_; := 0.
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Theorem 4.2. For each 1 < p < 00, each 0 < ¢ <00, and each 0 < a < r

(4.3)
2 P NQs = Qim0 I @) = Iy a0 < 2 2 21Qs = Qi) I, o
= j20

with constants ¢y, ca depending only on o, p,q and ¢.

Proof. From the Jackson and Bernstein inequality and an interpolation argument
one derives the equivalence (&3] with (Q,+1 — @Q,)f replaced by f — Q;f. Then,
f—Q;f can be replaced by (Q,+1 — @;)f by using discrete Hardy’s inequalities.
For details see, for example, [DP]. O

We should remark that it is also possible to characterize the Besov spaces BS' (L)
when 0 < p < 1 but the arguments are more involved and will not be given here
(see e.g. [DP]).

The above characterization of Besov spaces is in terms of the projectors @;. In
the case of R?, one usually goes further and replaces ||(Q; — Qj—1)fll,®e by an
equivalent expression in terms of wavelet coefficients. For example, in the univariate
case, we can write

(Qj = Qj-1)f = djnthin,
kEZ

where the 1; are the shifted dilates of the wavelet function 1. Then, we can
utilize the uniform stability of the wavelet basis at each dyadic level j. That is,
there are positive constants c1,ce, depending only on p and on the choice of the
wavelet basis, such that for all j > 0 and all sequences (Ax)xez, we have

Z Akjk

kEZ

(4.4) 200219 () kezlli, < < 2027 (A ) ezl -

Lp(R?)

The proof of these inequalities, which is similar to those in (314]), uses the
existence of the dual wavelet basis. Unfortunately, in our case of a domain €2, the
construction of stable bases for the complement spaces W;({2) between V;(£2) and
Vj+1(€) is much more substantial and does not seem to be compatible with simple
numerical computations.

We will show in the next section that it is still possible to characterize the fluctu-
ations [|(Q; — Qj—1)f]lp in terms of sequences of coefficients. These coefficients are
not obtained by the inner products of f with functions from a Riesz basis but with
functions from a slightly redundant frame. In return for the redundancy however,
we find that the frame coefficients can be easily computed from the coefficients of
Q; f in the basis {®, : v € G, }.

4.2. L,-stable frames for the wavelet space W;(Q2). Let W; := W;(12) be the
wavelet space consisting of all functions A f, f € L,(Q) where A; := Q11 — Q.
Then Aj; is a bounded projector from L,(£2) onto W;(f2) for each 1 < p < oc.
Correspondingly, let Wj = ,V[v/j () be the dual space and ﬁj the dual projector.
Our objective in this section is to obtain an L,-stable decomposition of the functions
in Wj.

Our starting point is the biorthogonal wavelets for R? obtained by the usual
tensor product construction from the univariate functions ¢, @, 1,1. Let E be the
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set of nonzero vertices of the d-cube [0,1]%, i.e. E = {0,1}¢\ (0,...,0). For each
e € E, we define

d
\I/e(xl, e ,J?d) = H nej (J?j),
j=1

where 70 := ¢ and 71 := 9. We use a similar notation for the dual wavelets we.
For each 6 = k277 € L, and e € E, we define for v = (J, ¢),

U (x) = 27208 — k), U (x):= 27202z — k).
The functions ¥.,, v = (4,e),6 € L;, e € E, span the wavelet space W;(R?) and

the corresponding functions ¥.,, span the dual spaces Wj (R9).

Now consider our multiresolution spaces on a domain 2. We first want to show
that if C' = {4} is a point cell in C;(@), then ¥, v = (§,e) is in W, for each e € E.
To see this, we rewrite ¥, as a linear combination of the functions ¢, u € Lj41.
Only those g with [u];41 C [0]; will appear in this rewriting. From property (C3),
it follows that {u} € Cj+1(2). Hence ¥, is in Vj11(Q2). Furthermore,

/ \I/véu =0
Rd

for each p € £;. Since each function ®,, v € G}, is a linear combination of ¢, with
the support of ¢, contained in 2, it follows that (¥, &),,> = 0. This shows that
Q;V, = 0 and therefore D;¥,, = Q; 11V, = ¥, (because ;41 is a projector on
Vi+1(€)). Hence, we have shown that U, € W;(€). A similar proof shows that the

functions ¥, are in the dual space W;(Q).
We define F; = C;(@) x E and define VVJQ to be the space spanned by the ¥,
v € Fj. Then W} is a closed subspace of W;(Q). Let T} be the projector from
L2(9) to VVJQ defined by
Tif =Y (£, )T,
YEF;
Then Tj is bounded on L,(£2), for all 1 < p < co. Also, for each f € Lo(Q2), we
have
(4.5) Tif =TjQj+1f = T;A;f.
Indeed, the first equality in (£3]) follows because each \TIA,, v € Fj}, is in ‘N/jH(Q).
While, the second equality follows from T;Q; = 0 (because (¥, ¢,) = 0, for all
ve Fj,pe l:])
We can write
(46) Aj = Tj —|— Rj, Rj = Aj — Tj.
We want to obtain a representation for R;. Let ()] denote the projector onto
V;(R?) given by
Qif = (f.)dn.
VEﬁj

Let us consider the action of R; on the basis elements ®., v € G441, for V;11(Q).
We consider the following two cases:

Case 1. Whenever [V]; N [y]j4+1 # &, v € Lj, then v € G,(2).
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In this case, Q;®y = Q;®, and A;®, = ¢, — QjP, is an element of W; (R%)
and hence can be written as a linear combination of the ¥,. The only ¥, which
appear in such a decomposition are those such that the support of ¥, intersects

[7]j+1. Because of our assumption in this case, all of these p are in Fj. Hence,
Aj(I),y = TJ@“/ and Rj(I),y =0.

Case 2. There is a cell C' € C; which is not a singleton and satisfies [C]; N [y]j4+1 #
J.

In this case, we can write

(4.7) R;®; =2, - Z <(I)%(T)7>Q(I)u - Z (D, \T’T>Q\IIT = Z b(y, )Py,
veG; TEF; peG 11

where the coefficients b(v, 1) are obtained by rewriting each of the function ®,, ¥,
(which are in Vj41(€)) in terms of the basis ®,, u € Gj41. Note that b(y, u) =0 if
|y —p| > B277 with a constant B depending only on L and M in (C5). Consider,
for example, the rewriting of the first sum in (7). If the inner product (®,, $V>Q
is not zero, then [v];41 N [v]; # @ and if ®,,, u € G,41, appears in the rewriting of
®,, then [p]j11 C [v];. A similar argument applies to rewriting the second sum in
D). ,

Let us denote by H;41 the set of 4 € G,41 such that |u —~| < B277 for some vy
from Case@l Then, it follows from the two above cases that for any f € L,(Q),

(4.8) Rif = RiQi1f = > (f.9,)aR;®,

Y€G 11
(4.9) = > (£ Y. bymPi= Y (f.0,)0d,
YEG 41 re€Gj i1 HEH 11
with
(4.10) Oui= Y bymdy,  peHj
Y€G 11

Note that R; = R;A; annihilates polynomials of degree N and so ©, has N +1
vanishing moments.
We want next to observe that H;,; is a set contained near the boundary:

(4.11) dist(u, 09) < 277, we€ Hjy,

with the constant ¢ independent of j. Indeed, if v is from Case Bl above, then
dist(7y, 9Q) < 277 because [C];N[y]j4+1 # @ for some nonsingleton cell (recall that,
according to the assumption on their representers, nonsingleton cells have distance
less than ¢277 from the boundary). Since any pu € Hji; satisfies |u — | < B277
for some ~ from Case [, we have verified {11).

The following theorem gives the frame representation of the detail A; and shows
its Lp-stability.

Theorem 4.3. For each f € L,(2), we have

(4.12) Aif = (U0, + > (£,0,)00,

veF; YEH 1
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and
1/p
(a.13) RS i@ 2D (B )al D I(F65)al”
vEF; YEH; 1

< 2|l 2,0
with the constants c1, co depending only on p, ¢, qg, P, 1;, and Q.
Proof. Since A; =T; + R;, we have ([LI2) and also
(4.14) 128 f ) < NTflly@) + 1R flle, @

It is known that the wavelet basis U, is L,(R?) stable. Therefore the first term in
(EId) can be estimated by the first sum in ([@I3). The second term in (@I can
be handled in the same way using the stability of the basis ®,, v € Gj4+1. We have
therefore proved the left inequality in (@I3]).

Conversely, (@3] implies T f = T;A;f and thus |T;f|z, ) < cllA;fllz,)-
Likewise, we have R;f = R;A; f and therefore ||R; f||1, ) < cl|A;f]lz,()- There-
fore, the right inequality in (I3)) follows again from the stability of the two
bases. O

4.3. Characterization of L, spaces. Let f € L,(Q2). From the results of §4.1]
it follows that

Tim Qs = /1, = 0.

(Indeed, this is the case for functions in a Besov space B (L,(£2)) and these func-
tions are dense in L,(£2).) Using the representation of A;f given in the last sub-
section, we have

(415)  f= > ([, D)0, +Z Y (LTl + > (0 :

v€Go j=0 \~€EF; YEH 11

where the series converges in L,(€2). The purpose of the present section is to go
further and show that the above series is unconditionally convergent and thereby
obtain a characterization of the L,-norm of f by certain square functions.

In order to prove that the series (E15) is unconditionally convergent, we have to
show that the operators formally defined by

Tuf = Z W7<fv§)7>ﬂq)v

v€Go

+Z Zw“/ fa Q\IIV"_ Z w“/<f;@7>9q)7 )

j=0 \~y€EF; YEH 11

(4.16)

are uniformly bounded on L, (), independently of the choice of the sequence w, =
+1.

Remark 4.1. We want first to observe that the operator T, naturally extends to an
operator U,, defined for functions in L,(R?). Indeed, the inner products in (f16)
are all defined for any f € L,(R?) and, in view of (1)), the functions ®.,, v € G,
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have a natural extension on the whole of R%. Therefore, we can define U,, by the
corresponding extension of the right-hand side in ([@I6). It is clear that

1Tz, < 1Uollz,®e

since T, f = U,g, where g = f on €2, g = 0 elsewhere. We shall now focus on
proving the uniform boundedness in L,(R?) of the operators U,,.

To prove that the operators U,, are L,-bounded independent of w, we shall use
the theory of Calderon-Zygmund operators and in particular, the celebrated “T'(1)
theorem” of G. David and J. L. Journé. For the reader unfamiliar with this theory,
we remark that we could prove the L, boundedness of these operators directly but
at the price of numerous technicalities. In particular, a method was developed
by W. Dahmen in [D2] to prove the L2-stability in a very general setting: one
essentially requires a Jackson and Bernstein estimate for Lo-Sobolev spaces, for
both the spaces V; and the dual spaces ‘N/j Note that in our situation, the dual
spaces ‘7] do not even contain constant functions and thus a Jackson estimate will
only be possible for Sobolev spaces of small index.

The application of the Calderon-Zygmund operator theory to establishing Little-
wood-Paley theorems of the type we shall obtain is well documented. In particular,
our development is very close to that given for the usual wavelet decompositions
on R? in the second volume of [Me|. For this reason, we shall be brief and only
indicate the main steps and the variances in our case with the usual case of wavelet
decompositions.

By definition, a Calderon-Zygmund operator is an L?(R?)-bounded integral op-
erator whose kernel K (z,y), x,y € R%, satisfies the following estimates

(4.17) K (z,y)| < clz—y|%,
(4.18)  |K(z,y) — K@@' y)| <clz—a'|Plo—y|"*% |z —2| < |z —yl/2,
(4.19) K (z,y) — K(z,y)| < cly—y'IPla =yl %, ly—y| < |z —yl/2,

for some s > 0.
We will use two important results of the theory of Calderon-Zygmund operators.

Theorem 4.4. A Calderon-Zygmund operator is bounded on L,(R%), 1 < p < oo,
and its norm on these spaces only depends on its Lo norm and the values of the

constants in (LI117)-@I9).

The second result is the T'(1) theorem which gives a necessary and sufficient
condition for the L, boundedness of an operator that satisfies ({17)—(Z19). Let
T be a continuous linear operator from the space of test functions D(R?) to the
distribution space D’(RY) such that its distribution kernel satisfies (Z17)—(#&19).
We say that T is weakly continuous on Lo(R?) if and only if one has

(4.20) T(T £, 9)| < R fllse + RIV Fllso)(llglloo + R Vglloo),

for all f, g € D(R?) whose support is contained in a ball of radius R.
We also define the space BMO(R?) (bounded mean oscillation) as the set of
functions in LY¢ such that

1/2
1l = sup (IQ|1 / If(:v)—m@dex) <o,
Q Q



3674 A. COHEN, W. DAHMEN, AND R. DEVORE

where the supremum is taken over all cubes @ of R? and where mgf =

QI [, F(x) de.

Theorem 4.5. Let T be an integral operator that is weakly continuous on Lo(R?)
and satisfies the conditions ([AI0)-@I19). Then T defines a bounded operator on
La(RY) if and only if T(1),T*(1) € BMO(RY). Moreover the norm of T on Lo(R?)
depends only on the constants in (AI110)—[{20) and on the norms of T(1),T*(1) in
BMO.

Note that in general T'(1) and 7%*(1) do not make sense a priori, but they can be
well defined by a limiting process in the distribution sense. In our particular case,
their definition will not require this process, because of the form of the operator
U,.

We now turn to the operators U,,, defined by the kernels

Ko(@,y) =Y w,®,(y)®(x)
vE€Go

(4.21) N .
3 Y 0@+ Y w0, )8, ()|

J=0 |v€F; vE€H 11

where the functions ®, have been extended outside of €, according to (.I).
In order to ensure the conditions ({.I7)—(419)), we shall assume that the functions
@, are in BS (Lo) for some s > 0. Under this assumption, it is immediate to
check (II7)—(EI9), using the following properties of the functions that make up
the kernels
o The diameter of the supports of ®,,03, ¥, and \TIV, (a, B,7) € Gjx Hjy1 X Fj
are less than c277.
e For a fixed j, each 2 € R? is contained in at most m of the supports of
®,,03,¥, and \TIA,, (o, B,7) € Gj x Hj11 x Fj, where m is independent of j.
e The L norm of ®,,03, ¥, \I',y, (e, B,7) € G; x Hj41 x Fj, satisfy uniformly
the estimate |n(z) — n(y)| < 2%/227%|z — y|*, where ¢ does not depend on j.
It is also clear that the constants in (EI7)-(#I9) will be independent of w.

Theorem 4.6. The operators U, are weakly continuous on Lo with a uniform
constant in [@20). Moreover, U, (1) and UX(1) are uniformly bounded in BMO.
As a consequence, the operators T,, are uniformly bounded on L,(2), 1 < p < co.

Proof. From the characterization of Besov spaces by the multiscale approximation
(see §LT)), we know that the operators U,, are well defined on spaces of sufficiently
smooth functions.

Next, we want to bound the coefficients in the representation (18] of U,. Sup-
pose that f € C! is supported on a ball By of radius R and || f||oc + ||V f]loo < 00.
Then, for each v € F}, we define a, to be the mean value of f on the support of
\TIA,, if this support is contained in Bg, and we set a, = 0 in the opposite case. It
follows that

(£ 0 = {f = ay, )] < CHVflloomin(R,Tj)/ |7,

Br

< 22|V f| o (min(R, 279))



MULTISCALE DECOMPOSITIONS 3675

where we have used the fact that \TIA, has mean value 0, support in a set of measure
m < 2794 and ||®, || < ¢29%/2. Exactly the same reasoning shows that for each
Y€ Hjta,

[(£,04)] < 2Y2(|V f oo (min(R, 277)) .
On the other hand, for v € Ly, we have

(£, )| < clle™ oo

Using these estimates to estimate the sum of the absolute values of the series
appearing in the definition (@I6) of U, we obtain

(4.22) 1Us flloo < el fllce + BRIV flloo),

where the constant ¢ is independent of w. From this, the weak continuity (£:20) of
U, follows immediately.

In order to prove the uniform L, boundedness of our family of operators, it
thus remains to show that U, (1) and U}(1) are uniformly bounded in BMO. We
shall prove here that these functions are uniformly bounded in the L., norm which
clearly dominates the BM O norm.

We first treat the case of the operators U,,. Since the functions ¥, and O, have
zero integral, we have

[+

Since the functions ®., v € Gy, are uniformly bounded and for each x there are at
most ¢ of these functions which are nonzero at =, we have that ||[U,(1)||cc < ¢ with
the constant ¢ independent of w.

The case of the operators U} is slightly more delicate since one needs to analyze
the contribution of the nonzero term

(4.23) Se=» Y (1,2,)0

Uu(1)(2)] < sup

v€Go

Z |® ()

v€Go

J20~v€H; 11
We first note the estimate
(4.24) max |(1,®,)] < | mnax /|<I> | < e2794/2,
YEH 11

where ¢ does not depend on j. Thus,

(4.25) So(@)] <2792 3 o, ()l

j=0 YEH 11
Since each z € R? lies in the support of at most m functions ©.,, v € H, 1 where
m is independent of j, we can replace ([{25) by

4.26 Yol <e 2794/2 max |© .
(4.20) o) < o2 s 0100

Consider now =z € R¢ and j, € Z such that 277=—1 < d(z,00) < 27J=.
From (EIIl), we know that the supports of the ©,, v € H, 1, are contained in

{z;d(x,09Q) < 9277}, where ¢y is a fixed constant. Therefore, for a fixed but suit-
ably large constant a > 1, we have ©,(x) = 0, whenever v € Hj4q and j > a + j,
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and consequently,

(4.27) Su@)<e Y 277 max [0,(z)].

0<j<a+tjs Ve
From our assumption that ¢ is in B%_(L.(R?)), it follows that
9,

whenever v € Hj;q. Also, O, vanishes on 9. Thus, if we choose y € 90 as the
closest point from 902 to x, we obtain

(4.28) 2794210, ()] < *|w —y|* < 27527,

B, (Lo () < 20727/

where c¢ is independent of z, j, and ~.

We use [EZT) in (LZ7) to find
(4.29) So(x)<e Y 227 <,
0<j<a+jz
with ¢ independent of € R%. This proves that UZ(1) is in L., with a bound

independent of w and therefore completes the proof of our theorem. O

From the uniform L, boundedness of the operators, one can apply the same
arguments as in the Euclidean case (see [Me]) in order to prove that the L,()
norm of a function f is equivalent to the L,(€2) norm of the following ‘square
functions’

o1(f) = Z (f,© a2

v€Go
1/2
+Z Z | fv Q\Il“/| + Z |<fa@’Y>Q(I)’Y|2 )
J=0 \v€F; YEH 41
or
a(f)=| D WH2)alxs

v€Go
foo 1/2

+Z2d] Z|f7 Q| X“/—’_ Z Q| X~ )
J=0 YEF; YEH 41

where x, is simply the characteristic function of the dyadic cube with lower vertex
7 and sidelength 277 if v € F; UG; U Hjy1.
In the case p = 2, we derive from this the stability result

(4.30)

1£13 0 ~ D (f, Q|2+Z STUATDal+ DD [ 04)al?

vEGo = YEF; YEH 11

Finally, we remark that the characterization of function spaces in 2 by our
multiscale decomposition yields a simple extension theorem.



MULTISCALE DECOMPOSITIONS 3677

Theorem 4.7. The operator U,, with all w, := 1 provides an extension operator
for functions on Q (estending them to RY). This extension operator is bounded
Jrom L,(Q) to L,(R?) for each 1 < p < 00 and is also bounded from Bg(L,(Q)) to
Bg(Lp(]Rd)) foreach1 <p<oo,0<qg<ocoandd<a<r.

This extension can be viewed as a numerically implementable version of the
operator constructed by Stein in [S], since it operates in domain with the same
minimal smoothness assumptions on the boundary, namely Lipschitz behaviour, as
we shall now see in the bidimensional case.

5. DOMAINS  IN R2

In this section, we shall give a class of domains 2 in R? and construct for these
domains a partition of §2; into a collection C; of cells which satisfy the conditions
(C1-5) of g2 Thus, for these domains, the construction of the multiresolution
spaces V;(£2) and all the ensuant properties given in 43l and §dl hold. We begin by
describing the conditions we shall assume about the domain 2.

We assume that Q is a bounded, simply connected domain (i.e. an open set)
satisfying the uniform cone condition. We recall that the uniform cone condition
means that there is an open cone K with vertex at the origin such that for each
point z on the boundary of € a suitable translate and rotation K’ of K has vertex
xz and K' N B(x,r) C Q for some ball B(z,r) centered at = with radius 7.

We assume that the exterior domain Q¢ by which we mean the interior of the
complement of 2, also satisfies the uniform cone condition. We shall use (z,y)
(instead of (z1,22)) to denote the points in R? in this section. We also assume that
the boundary of €2 is a simple closed curve I which is the union of curves I'y, k =
1,...,m, with the following properties. 'y has endpoints py_1 and py := (2, Yk ),
when traversed in a clockwise direction. For k even, I'y can be parameterized by
(z,vx(x)), € I, with I an interval with endpoints xy_1 and zj and - is in
Lip,, 1. Recall that Lip,, 1 is the set of all continuous univariate functions g which
satisfy ||¢'||lcc < M. We shall assume (without loss of generality) that M > 1.
When k is odd, T can be parameterized by (vk(y),v), y € I, with I;; an interval
with endpoints y;_1 and y, and v is in Lip,, 1. The points p,, and po coincide.

For each k, we denote by vy a vector (0,%£1) or (£1,0) which indicates the
direction exterior to Q from T'y. For example, if k is even, then v, = (0,+1), and
the points (x, vk (x)) + hvy are not in Q provided z is in the interior of Ij, and h is
sufficiently small (depending on x); correspondingly, the points (x, v (x)) — hyy, are
in Q provided h is sufficiently small. A similar definition with v, = (£1,0) applies
when £ is odd.

We now derive a few useful properties of Q2 and I". In what follows, we shall
denote by Q(x, h) the square centered at & with sidelength 2h (all squares in this
paper have sides parallel to the coordinate axis). For any set A, we denote by
Q(A, h) the neighborhood of A which consists of the union of the squares Q(x, h),
x € A

We can assume that the cone K also satisfies the cone condition for Q¢. For each
k=0,...,m and each pg, there is a cone K(py) which is a translate and rotation
of K so that py is the vertex of K(pi) and K(pr) N Q(pk, h) is contained in € for
all h sufficiently small, say h < hg. Similarly, there is a cone K (px) with this same
property relative to Q°.
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We want to make a distinction between “inside” and “outside” corners for the
points pg, k = 0,...,m, and to make some further stipulations on the cones K (py)
and I?(pk). We say py is an outside corner for Q if det(v, V,?_H) < 0; similarly,
we say py is an inside corner for Q if det(v], V]T+1) > 0. Because of the Lipschitz
condition on I'; we can choose K so that whenever px, k = 0,...,m, is an outside
corner, then K (py) is locally contained in the sector {py — avy — Bvk+1 : o, 8 > 0}.
Here locally means that some ball B(py,r) intersected with K (py) is contained in
the specified sector. For an outside corner, the sector {pi + avy, + Bvi41 : o, 8 > 0}
is locally contained in Q° and K (py) is contained in this sector. For an inside
corner, the situation reverses: the sector {py — avy, — fvi41 : o, 8 > 0} is contained
in  and K(pg) is contained in this sector, but for ¢, we can only say that the
sector {pg + avy + Brk11 : «, f > 0} contains the cone I?(pk).

In what follows A will denote a constant which will be required to be sufficiently
large that certain conditions are valid. As we proceed, we may impose further
conditions on A which are always satisfied if A is large enough. After we have
introduced all our restrictions on A, we will fix A. In the choice of A and other
constants in this section, we make no attempt to choose the best constants rather
to choose these constants so that the desired properties are most apparent.

We next define certain “corner sets” associated with the pg, k =0,...,m. If pg
is an outside corner for Q, we let Ly = {pr — t(arvr + Brvk+1) : t > 0} be the ray
emanating from py, which is the middle ray of K (p). It follows that ay, 8 > 0. For
each h > 0 and for our A, let g (h) := pr— Ah(ag vk + BrVi+1) which is a point on L.
The sector {qr(h) + avg + fvi41 : o, 8 > 0} contains a portion of I'y, and I'y11. We
define Sk to be the set of points on I'y, UTx41 which are in this sector. If k is even,
we define Qj(h) to be the smallest square with vertex gy (k) which contains all of the
line segments with vertices (x, v, (x)) and (x, vk (x)) + Ahyy, for each (z,yx(x)) € Sk
and the line segments with vertices (yx+1(y),y) and (Ye+1(y), y) + Mgy for each
(Y41 (), y) € Sk. We define Qg (h) in a similar way if k is odd. In the case that py
is an inside corner, we construct the square Qi (h) relative to Q¢. That is, we define
qr(h) := pr + Ah(Gwvi + Bk}/k+1) which is a point on the middle ray Ek of the cone
K(py). Then, Sk := {qx(h) — avy, — Brgt1 + @, 8 > 0} N (I UTk11) and Qg (h)
is the smallest square with vertex gx(h) which contains all line segments vertices
(2, vk (x)) and (z, vk (z)) — Ahy for each (x, vk (x)) € Sk and the line segments with
vertices (ve+1(y),y) and (ye+1(y),y) — Mwg4 for each (vi+1(y),y) € Sk.

If h is sufficiently small, the squares Q(h) are pairwise disjoint. We consider
only such h in what follows. It is also clear that the sidelength of Qy(h) does not
exceed cAMh with ¢ a constant (depending only on the ay, B, d, Bk) and M the
Lipschitz constant for T.

Proposition 5.1. If \ is sufficiently large, then

(i) For each k =0,...,m, the distance from the boundary of Qi (h) to Qi(h/2)
is larger than 4h. In addition, K (pi) N (Qx(7Th/8) \ Qr(3h/4)) contains a square
Ry (h) of side length larger than 4h.

(ii) If two points p,q are on opposite lines of the boundary of K (px), and at least
one of them is outside Qi (h), then

(5.1) dist(p, q) > 4h.

(i) Property (ii) also holds for the cone K (py) for Q.
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(iv) The square Qi (h) contains the square Q(pr,2Mh) centered at py, with side-
length 4Mh.

(v) If p is a point on Ty, and q is a point on T'yy1 and at least one of these points
is outside of Qr(h), then

(5.2) dist(p, q) > 4h.

Proof. Properties (i)—(iv) clearly hold whenever A is sufficiently large (depending
only on the ay, Sk, ds and B for the cones K(pk),f?(pk)). We fix a A so that
(i)~(iv) hold and show that (v) holds for this . The complement of K (py) UK (py)
has two components A and B each of which is a convex set. The point p is in
one of these components and the point g in the other. Suppose, for example, that
p€ A,q € Band p ¢ Qi(h) (the other case is the same). The set A\ Q(h) has a
boundary which consists of four line segments coming from the sides of the cones
K (pi) and K (pi) and the sides of Qg(h). The distance from A\ Qx(h) to B is
attained at one of the points a* which is at the intersection of one of the sides of
the cones with one of the sides of Qx(h). By (ii) and (iii) this distance is larger
than 4h. Hence, the distance from p to ¢ is also larger than 4h. O

We now describe a way of covering €2 near its boundary that we shall use in the
sequel. Let A > max(M,8) be any constant sufficiently large that Proposition E]
is valid.

For each k = 1,...,m, we define I"} as the set of all points on I';, that are not
in Qr—1(h) UQk(h). If k is even, we denote by T'y(h) the union of all the open line
segments with endpoints (z,vx(z)) — hvy and (z, ve(x)) + hvg, with ¢ € T',. We
define I'y,(h) in a similar way if k is odd.

Proposition 5.2. Let A > max(M, 8) be any fized constant so that Proposition [51]
holds. Then, there is an absolute constant hg > 0 such that the following holds for
all h < hyg.

(i) All the sets Tk (h), k=1,...,m, and Qk(h), k =0,...,m, are pairwise dis-
joint. Moreover, the distance between Qi (h) and Qs (h) is larger than 4h whenever
k # k' and the distance between Qi (h) and T';(h), i # k,k+ 1 is larger than 4h.

(ii) If (z,y) € Q is not in any of the sets of (i), then the distance of (x,y) to T
is larger than h/2M with M the Lipschitz constant for T.

(iii) If (z,y) € Q is in T'x(h), then the distance of (x,y) to T, i # k, is larger
than 3h.

Proof. We fix hy sufficiently small that Q(pg,h1) N K(pr) C Q, k=0,...,m. For
eachk =1,...,m, let '/ be the set of all points on I'y, that are not in Q(px—_1, k1)U
Q(pk; h1)-

We first prove (i). Clearly, if & is small enough, the squares Q(h), k =0,...,m
are pairwise disjoint and the distance between Qx(h) and Qx/ (h) is larger than 4h
whenever k # k’. Moreover, for h sufficiently small, Q(h) does not intersect any of
the sets I';(h), ¢ = 1,...,m. By choosing h small enough, we can make the distance
between Qr(h) and any of the I';(h), i # k, k + 1, larger than 4h.

It is therefore enough to show that I'y(h) does not intersect any of the sets
Ti(h), i # k. This is clear if i« # k — 1,k + 1 and h is sufficiently small. For
the remaining case, we can assume that k is even (a similar argument applies
when k is odd) and check that T'y(h) NTk41(h) = @ (a similar argument applies
for Tx_1(h)). If h is sufficiently small (independent of k), Q(I'},h) is disjoint
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from T'yy1(h). Hence, if (x,v,(x)) € T}, the open line segment with endpoints
(,vk(x)) £ hvy, does not intersect I'y11(h). We are left with considering the case
when (z, v (x)) € T \T and (yx+1(y), y) € T}, and showing that the line segment
with endpoints (z, v (z)) £ hvy does not intersect the line segment with endpoints
(Vk+1(y), y) £ hvgs1. Since (z, v, (x)) is not in Qx(h), we find from Proposition B.11
that the distance from (z, vk (x)) to (& (y),y) is larger than 4h. It follows that the
line segment with endpoints (z,7;(z)) £ hvy does not intersect the line segment
with endpoints (yk+1(y),y) £ hvkt1. Therefore we have verified (i).

We next prove (ii). Let (z,y) € © be a point that is not in any of the sets of
(i). We shall estimate the distance from (z,y) to the curve I'y, for each k. We can
again without loss of generality assume that k is even and that zp > xp_1. Let
(z,7%(2)) be the point on I'y, which is closest to (x,y). If z € [xx_1,zx—1 + h/2] U
[z — h/2, zg], then from the Lipschitz condition for 7y, it follows that (z,vx(2)) €
Q(pr—1, Mh/2) U Q(pr, Mh/2). Since (z,y) is not in Qx_1(h) U Qr(h) and (iv) of
Proposition 5] gives that this latter set contains Q(px—1, Mh)UQ(pr, Mh). Using
the fact that A > M, we have that the distance between (z,7;(z)) and (z,y) is
larger than Mh/2 as desired. We can therefore assume for the remainder of the
proof of (ii) that z € [xx—1 + h/2,z — h/2]. If |z — 2| > h/2M, there is nothing to
prove. On the other hand if |z — z| < h/2M, then (x, v, (x)) is a point on I'y, and
|7k (x) — vk (2)] < h/2. Hence,

ly — v (2)] > |y — (2)| — h/2.

We claim that |y — i (2)| > h which will complete the proof. Since (z,7;(z)) is
not in Qx—1(h) U Qr(h), we have that (z,vx(z)) € I'},. But then our claim follows
because (z,y) is not in I'y(h).

Finally, we prove (iii). If h is sufficiently small this property will hold for i #
k — 1,k + 1 because the curves I'; are disjoint from 'y for i # k — 1,k k+ 1. We
shall prove that the distance from (z,y) to I'y41 is larger than 3h. A similar proof
applies for k£ — 1. We shall also assume that k is even; a similar proof applies when
k is odd. Since (z,7vx(z)) is not in Qx(h), we have from Proposition B|(v) that the
distance of (x,vk(z)) to I'kyq is larger than 4h. It follows that the distance from
(x,y) to T'ky1 is larger than 3h. O

We shall next define for each dyadic level j, a collection of cells C; which will
satisfy the properties (C1)—(C5). Let h; := A\277 where X is large enough to satisfy
our previous conditions and in addition A > 64LM N (L + M + N)? where L is
the integer of the previous sections corresponding to the support of ¢, M is the
Lipschitz constant, and N denotes the degree of polynomials contained in the span
of the shifts of . We let jo > 0 be the smallest integer such that h; < hg with hg
the number given in Proposition B2l We shall construct a partition of 2; into a
collection of cells C; for all j > jo.

There are three types of cells in C;. Let £; := 27972 and let ©; be defined as
earlier.

Point cells: If v is a lattice point in Q N £; which is not in any of the sets
Ii(hj), k=1,...,m, or Qr(h;), k=0,...,m, then we put the 0-dimensional cells
C = {~} into C;. Each such cell corresponds to the direction set I = & and has
representer k£ = . The set G(C') = C in this case.

Towers: Let k = 1,...,m, and suppose that v € ; is in the set I'y(h;)
with direction vector vi. Let | be the largest nonnegative integer such that v —
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2791y is in Ty(h;). We define  := v —279(l — N — L)), and define the one-
dimensional cell C' with representer x as the set of all lattice points k +i2 71y, 4 =
—(N+L),-(N+L)+1,..., that are in ;. This cell C has associated to it the
set of direction indices I which is I = {1} in the case k is odd and I = {2} in the
case that k is even. In this case, o is defined to be the nonzero component in v.
The set G(C) is the set of all points k + 277y, i = 0,...,N. Because h; = \277
and A > 4(N + L), it follows that G(C) C Q. Also dist(k,T) < ¢277.

Corners: For each k = 0,...,m, we let C be the cell consisting of all lattice
points in Qx(h;) N ;. For each such cell I = {1,2} and ¢ = vy_1 + 5. By
Proposition [5.1] (i), there is a square Ry (h;) of sidelength 4h; with

Ry (h;) € K(p) N (Qr(Th;/8) \ Qk(3h;/4)).

We take a lattice point k € Ry which is most central to Ry (h;) and define  as the
representer of C' and G(C) := {k + 279 (ivy, +i'vk41) : 0 < i,i’ < N}. Then, clearly
G(C) € Q and even [G(C)]; C Ri(h;). Moreover, we shall often make use of the
fact that the distance of G(C) to I' is > 3h; which follows easily from the facts
that Ry(h;) C Q, k is most central to Ri(h;) and L+ N +1 < A\/16. It follows
also that dist(k,T") < ¢277.

We now proceed to show that the sets of cells C;, j > jo, satisfy the conditions
(C1-5).

(C1) Let C € C;. We have already shown that G(C) C €2 when we defined G(C).
To verify (C1), we need to show that [G(C)] C Q with [-] := [];.

If C = {k} is a point cell, then [G(C)] = [{x}] and dist(x,T") > h;/2M because
of (ii) of Proposition B2 Since hj = A277 and A > 4LM, [G(C)] C Q.

Next, assume that C € C; is a tower associated to I'y (h) which has the representer
x and the direction set I. Then, G(C) = {x —i277vg, i = 0,..., N} and we thus
have [G(C)] C k+277[—~L — N, L+ NJ2. Because of (iii) in Proposition[5.2] [G(C)]
does not intersect any set I';, i # k. We now check that [G(C)] does not intersect
T'k. Suppose that £ = (z,y) and (z,7%(2)) is any point on I',. We want to show
that (z,7%(2)) is not in [G(C)]. If |x — z| > (N + L)277, then this is clear. If
|z — 2| < (N + L)277, then |yi(z) — v (2)| < M(N + L)277 because 7 satisfies a
Lipschitz condition with constant M. It follows that

=) = |y — (@) = (@) —7(2)]
>hij—(N+L+1)277 — M(N+L)277 > h;/2

because h; = A277 and A > AMNL(M + Np)?. Since h; > 2(N + L)277, we see
that (z,7x(2)) is not in [G(C')] and therefore condition (C1) holds for towers.

For corners, we have already noted that [G(C)]; C Q.

(C2) Suppose that @ € Q41 satisfies [{u}];41 C [G;];. We need to show that
€ Gjy1. We shall show that {u} is a point cell in C;4; and therefore p € Gjy1.
By assumption, there is a cell C' € C; and a point ¢ € G(C) such that p € [{(}];.
There is also a cell C7 € Cj41 which contains p. We consider the various possibilities
for C' and C’ with ¢’ not a point cell and derive a contradiction in each case.

C is a corner and C’ is a corner: Let C correspond to the point pg and C’
correspond to the point pp. If k # K/, then C' C Qu/(h;) and by Proposition
(i), the distance between Q(h;) and Qu (h;) is larger than 4h;. Hence, we arrive
at the contradiction p ¢ [¢];. On the other hand, if kK = k’, then we have already
noted that [G(C)]; C Ri(h;j) C Qx(7h;/8) \ Qx(3h;/4). Since C' C Qx(h;/2), we
again arrive at the contradiction p ¢ [(];.
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C'is a corner and (' is a tower: Let C be a corner corresponding to the point
pr. We have observed at the definition of G(C) that dist(G(C),T") > 3h;. Since
dist(, I') < hj/2, it follows that p and ¢ are at least a distance h; apart. Since
h; > 2L277 this contradicts the assumption that u € [{(}];.

C is a tower and ('’ is a corner: Let C’ correspond to the point pg. We have
we€ C'C Qu(h;j/2) and ¢ ¢ Qu (h;). Hence, by Proposition b1 (i), dist(u,¢) >
4h; > 2L277. Thus, we have the contradiction that p & [{(}];.

C is a tower and (' is a tower: We can assume that C’ is a tower associated
to T (hj41) with &' even; the proof in the case that k is odd is the same. Let C
be a tower associated with I'y(h;). We consider first the possibility that k # k.
Since p € 'y (hjy1), the distance from p to 'y is at most hjy1 = h;/2. From
Proposition [5.2 part (iii), dist(¢, k) > 3h,. Hence, the distance between p and ¢
is at least 2h;. Since h; = A277 and A > 2L, we see that it is not possible for u to
be in [(]; and we arrive at our contradiction.

The remaining possibility is that k = k’. We can write p = (2,7%(2)) — '2 71y,
with vy, the (exterior) direction vector for T'y, and I’ < A\/2 and similarly, we can
write ¢ = (@, vk (z)) — 1277. Since ¢ € G(C), we have

(5.3) I>A—2(N+1+1)

(see the definition of G(C) for towers). In order for i to be in [{(}];, we must have
|z — 2| < L2779 and |yg(x) — 1277 — (yx(2)) = 1'277| < L27J. Also from the Lipschitz
condition for 7y, it follows that |y, (z) — yx(2)] < M|z — z| < ML277. With this,
we find that

279 — 1279 < (ML + L)277.
Therefore,
I<U'+ML+L<\2+ ML+ L.

But since A > 16 M LN (M + L + N), this contradicts (53).

C is a point cell and C; is a corner: Let C’ correspond to pi. Then,
w€ C’" C Qu(h;/2). On the other hand, ¢ is not in Qy (h;). From Proposition E.1]
(i), dist(¢, ) > 4h;. Since h; = A\277 and A > L, this contradicts that u € [{¢}];.

C'is a point cell and C’ is a tower: Let C’ correspond to 'y (hj11/2), with
k' even and xy_, < xp; the other cases are handled in the same way. Then, there
is a point (z,vw(2)) with zp—1 + h;/2 < z < xp — h;/2 such that p is on the
line segment with end points (z,vw (2)) £ hj/2vi. Let C = {¢} with { = (z,y).
If |t — 2| > 1277, then pu ¢ [{¢}];- On the other hand, if |z — z| < L2777, then
Ik () — i (2)] < ML279. Therefore, if p1 is to be in [{(}];, then

ly — Y (2)] < |y — i (2)| + ML277 < hy/2+ 1277 + ML277 < h.

But this contradicts the fact that (x,y) is not in any of the sets I'y (h;), Qr—1(h;)
or Qi (hy).

This completes the verification of Property (C2).

(C3)Let C € Cj(I,0) and C’ € C;j41(I',0"), we need to show that if [C];NC" # @,
then I C I. If C'is a corner or if C” is a point cell, then this is obvious. We consider
the remaining possibilities.

C is a point cell or a tower and C’ is a corner: Let C’ be a corner for
prr. Then C' C Qi (h;/2) while C is in the complement of Q (h;). Hence, from
Proposition 0] (i), the distance between any point in C' and any point in C’ is
larger than 4h;. Since h; = A\277 and \h; > L2779 [C]; N C' = @.
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C is a tower and C’ is a tower: Let C' be associated to I'y(h;) and C’ be
associated to I'y (hjy1). If K = K/, then I = I'. If kK = K/, then according to
Proposition (ili), any point in C' has distance at least 3h; from T'y,. Since
h; = 2277 and A > L, it follows that any point in [C]; has distance at least 2h;
from I'ys. Since any point in C” has distance at most hj1 < h; from I'y/, we have
that [C], N C' = @.

C'is a point cell and C’ is a tower: This proof is similar to the corresponding
case in the proof of (C2). Let C’ be associated to I'y/(hj+1). We can assume that
k' is even; the case k' is odd is proved similarly. Let C’ be associated to the point
(2,7 (2)) on T'ys. We also assume that xg—1 < zjs; the other case is handled
similarly. Using (iv) of Proposition 5] (as in previous arguments in this section),
it follows that xp—1 + hjp1 < 2z < xp + hjp1. Let C = {¢} with ( = (z,y). If
|t — 2] > L2779, [C]; NC' = @. If |[x — 2| < L2777, then (x,y(x)) is a point on T.
By the Lipschitz condition for 7/, we have |y (x) — 4 (2)| < ML277. Now the
point (z, v (x)) is either in 'y (h;) or in Qp—1(h;) U Qi (h;). By the definition of
these sets |y — yw (x)| > h;. Hence

(5.4) |y = (2)| > hy — MI277.
On the other hand, since [{(}]; contains points of C’, we must have
ly =y (2)| < hy/2+ L277.

This last inequality contradicts (B4 because h; = A\277 and A > 2(M L + L).
We have verified (C3).
(C4) Let C € C;(I,0) and C’ € Cj(I',0") be two cells from C; with C' # C” and

(5.5) . I1n[C', I =2.

We need to show that I' C I,I' # I. We consider the following cases.

C'is a corner and C’ is a corner: If C' and C’ correspond to different points
Pk, then (B3] is not satisfied because of Proposition [(.2] (i).

C is a corner and C’ is a tower or a point cell: In this case, it is obvious
that I' C I and I' # 1.

C is a tower and C’ is a corner: Let C correspond to I'y(h;) and let C’
correspond to the point pi so that ¢! C Qp/(h;). If k # k', k' + 1, then (EX)
is not satisfied because of Proposition (i). We consider the case k = k' and
k even; the other remaining cases are similar. Let C' correspond to the point
(x,v&(z)) from I'y(h;). Then [C, I] is contained in the line segment with endpoints
(z, vk (x))£(hj+L277)vy. This line segment is disjoint from Qy (h;) by the definition
of Qi (hy).

C is a tower and C' is a tower: Let C' correspond to I'y(h;) and C’ correspond
to T (hj). If k = K/, then (G.0) is not satisfied by the definition of towers. If k # &/,
then (5.0 is again not satisfied because of Proposition (iii).

C is a tower and ('’ is a point cell: This is obvious since I’ = & in this case.

C is a point cell and C’ is a corner, tower, or point cell: In this case
I = @ and therefore [C,I] = C and [C’,I'] = C' and hence (B.5) is not satisfied
because of the disjointness of the cells in C;.

We have verified property (C4).

(C5) This property is obvious from the definition of the cells.
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